Buckling of Segments of Toroidal Shells
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Nonlinear differential equations of equilibrium and buckling equations are derived for
The equations
are derived for shallow segments by including appropriate prescribed initial displacements in
the nonlinear, flat-plate, strain-displacement equations and by varying the total potential
energy of the system. Closed-form solutions to the buckling equations are obtained for
simply supported segments near the equator, having either positive or negative Gaussian
Results are pre-
sented in the form of charts showing buckling coefficients as a function of a curvature param-
eter associated with the girth of the shell and a parameter associated with the ratio of prin-
In many instances, the results indicate significant deviations in buckling
stress for the toroidal shells over the buckling stress for the corresponding circular cylindrical
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stress resultants in cylindrical coordinates
lateral pressure, positive in positive w direction

Nm Nﬂ: IVP‘9
P

p, 0,2 cylindrical coordinates

r radius of shell equator (Fig. 1)

R central radius of toroidal segment near crown
(Fig. 2)

¢ = ghell wall thickness

u, U, W = displacements, tangential and normal (outward)
to shell neutral surface

u,0 = displacements in z and y directions

wy = initial deflection

z, Y, 2 = rectangular coordinates

Z = curvature parameter, (I2/ri)(1 — u2)t/2

a = curvature parameter, r/a

B = buckle wavelength parameter, nl/=r

€5 €4y Vaoy = direct strains and shearing strain in rectangular
coordinates

€py €6, Vol = direct strains and shearing strain in cylindrical
coordinates

" = Poisson’s ratio

131 = total potential energy of shell

A = v2v2 where V2 is Laplacian operator in two
dimensions

Subscripts

4 = prebuckling displacements and stress resultants

B = buckling displacements and stress resultants

¢y

partial differentiation with respect to subseripts
following comma

Introduction

HELLS of double curvature are common in aerospace
vehicle structures, and buckling is often an important
design consideration for such shells. In this paper, nonlinear
differential equations of equilibrium and buckling equations
are derived for segments of toroidal shells, a type of double
curvature shell that is attracting considerable interest at
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the present time. Solutions to the buckling equations are
obtained for segments of toroidal shells near the equator,
having either positive or negative Gaussian curvature (Fig. 1)
subjected to various pressure loadings.

The nonlinear equilibrium equations are derived for shallow
shell segments by including appropriate prescribed initial
displacements in the nonlinear, flat-plate, strain-displace-
ment relations and by varying the total potential energy of
the system. These equations reduce to the large-deflection
Donnell equations for the case of a circular eylindrical shell
and to the Marguerre large-deflection equations for the case
of a shallow spherical cap. The buckling equations are
derived from the nonlinear equations in a rigorous manner
by assuming the changes, which oceur at buckling to be small.
One set of equations is obtained which is applicable to seg-
ments of a toroidal shell near the crown, and another set
is obtained which is applicable to segments near the equator.
For segments near the equator, the classical assumption of
constant deflection prior to buckling leads to buckling equa-
tions, which are the same as those given by Becker in Ref. 1
for shells of double curvature having constant, but not neces-
sarily equal, principal curvatures.

Closed-form solutions are presented to the buckling equa-
tions (obtained by using the classical assumption) for seg-
ments of toroidal shells near the equator subjected to lateral
pressure. The assumed edge support conditions are simple
support either with zero edge digplacement, with hydrostatic
pressure loaded edges, or with freedom for over-all edge ex-
tension in the axial direction. Results are presented in the
form of charts showing buckling stress coefficient as a fune-
tion of a curvature parameter associated with the girth of
the shell and a parameter associated with the ratio of prin-
cipal curvatures. The results indicate significant deviations
in buckling stress for the toroidal shells over the buckling
stress for the corresponding circular cylindrical shell under
similar loading and support conditions.

For many buckling problems involving deep shells, shallow
shell analysis should give engineering estimates to over-all
buckling loads. In the present paper, an estimate of the ex-
ternal buckling pressure for a complete torus is obtained on
the basis of the study of the shallow segment near the outer
equator.
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segments of toroidal shells near the equator and for segments near the crown.
curvature under pressure loading with various inplane support conditions.
cipal curvatures.
shell under similar loading and support conditions.
A Nomenclature
‘a = radius of curvature (Figs. 1 and 2)
A, B, C = const
D = flexural stiffness of shell wall, £#3/12(1 — u2?)
E = Young’s modulus
k = buckling coefficient, — pri2/D=?
l = length of shell
m, n = integers
Ny Ny, Ny, = stressresultantsinrectangular coordinates

Nonlinear Differential Equations of Equilibrium

In this section, the nonlinear differential equations of
equilibrium are derived for shallow segments of a torus near
the equators and near the crown. For segments near the
equators, the equations are derived in the rectangular co-
ordinates of an osculating plane. For segments near the
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crown, the equations are derived in plane polar coordinates.
In both cases, the equations are derived from the strains of
nonlinear flat-plate theory including initial deflections (see
Ref. 2) using the minimum potential energy method to ob-
tain equations of equilibrium by the application of a vari-
ational procedure.

Segments near Equators

The strains for thin flat plates with @ and o, the displace-
ments in the z and y directions, respectively, and with initial
deflection w, and additional deflection w are given in rectangu-
lar coordinates as follows:

€ = a, z + %(w, z)z + W, Wy, « — 2W, 22

= 1
€& =70 4+ 3w )%+ w wo,y — 2w, 4 1)
Yoy = %, 4+ 0,0 + W, 20, 4 + W, oW, 4 +

W, o, & = 220, 2y

For an initial deflection corresponding to segments at the
outer equator of a torus of radius »r, which has positive
Gaussian curvature and which is taken here to have constant
curvature 1/a in the meridional direction (Fig. 1), wo is taken
to be

wy = —(y2/2r) — (2%/20a) (2a)

The assumption that the initial deflections can be represented
in quadratic form is consistent with shallow shell approxima-
tions. For segments at the inner equator, the initial deflec-
tion has negative Gaussian curvature, and the corresponding
equation for wyg is

wy = —(y3/2r) + (2%/20) (2b)

If Eq. (2a) or Eq. (2b) is substituted in Eqs. (1) and if the
following definitions

u =4 F wx/a) v =7 — w(y/r) 3)
are used, then

& =u . x Wwa) + Fw )i— 2w ..

e =04+ W)+ Fw )=, )

7xy=u,y+v,r+w,zw,y_2zw,w

where the new w and v can be identified as the tangential dis-
placements of the neutral surface of the shallow shell, and
w can now be regarded as the normal displacement. In
Eqgs. (3) and (4) and in the equations that follow, the con-
vention is used that, when there is a double sign, the upper
sign applies to the shell with positive Gaussian curvature
and the lower to the shell with negative Gaussian curvature.

The total potential energy of such shells subject to a lateral
pressure p is

E 1—

I = ifl_—uZ) fff<€t2 + €® + Zue.e, + 727“ ’ny2> X

dedyde —p ffwdz dy (5)
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Fig. 1 Configuration for segments near equators.
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Fig. 2 Configuration for segment near crown.

Integration in the z direction and variation aceording to the
minimum potential energy method leads to the nonlinear
differential equations of equilibrium and consistent boundary
conditions. The equations of equilibrium are

Nx,x'JI‘ny,y:'O Ny’y_*_NEy,Z:O
Dviw = (N./a) + (Ny/r) — (6)
Naw, oo + Nyw, 4y + 2N, 2y) = p
where

It

N, (Et/l - #2) (ex + #ey)‘FO

N, = (Bt/1 — p3(e, + peo)|mo )

Noy = [Et/2(1 + w)](Yay)
Note that these equations with ¢ — « are the Donnell large-
deflection equations for a eylinder, and if, in addition, r — «,
then they reduce, of course, to the von Kérman large-deflec-
tion equations for a flat plate.

=0

Segments near Crown

The strains for a thin flat plate with an initial deflection
wp are given in polar coordinates as follows:

€ = Up T %(w’p)z + w.wo, p — AW,

1 U 1 1
e = Vot — + 5 we)? + 5 wewe s —
p P 2 p

1 1
‘ <Zf2 we Tt w"’> (8)

1 v 1 1
Yoo = ~“Ug T Vi — -+ —w, w0+ —W,,Woe +
P p P p

1 1 1
,l; w,gWo, p — 2z /; W, 0 — Ew,g

where w is the additional deflection. For an initial deflection
corresponding to segments at the crown of a torus of central
radius B where the torus is taken here to have constant
meridional curvature 1/a (Fig. 2), w is taken to be

wy = —(p — R)*/2a ©)
As before, the assumption that the initial deflections can be
represented in quadratic form is consistent with the shallow
shell approximation. Thus

1 — R
€ = Uy + Q (w,p)2 - <P_a > W,p — &W,pp

1 1 1 1
o= "vg+ -+ 55 (we? — 2 <—ZW,00 + - w,,,)
P P 2p P p (10)

1 T+ v+1
Yo = ~ Ug o TWeWe —
e P e ”

— W, — 2z - W, o0 — s w.e
PG P 4 J
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The total potential energy of such a shell subject to a
lateral pressure p is

E 1=
= —_—;2—) fff (6,,2 + €? + 2ﬂép€0 + Tﬂ 7p02> X

20
pdpdfdz — pffwododd (11)

Integration in the z direction and variation according to the
minimum potential energy method leads to the nonlinear
differential equations of equilibrium and consistent boundary
conditions. The equations of equilibrium are

1 )
N, ,+ ;)(Np ~ No+ Np.g) =90

1

- (No,e + 2N, + Npg, =0
—R 1 bo(12)
Dvw + + — Ny — (NpU),pp + ;2New.oa +

2 2
, New,p + ;Npevaa — p_2 N,,0U),o> = PJ
where

N,

([

N (Bt/1 — u2)(ep + pe,)|mo (13)

Npo [Et/2(0 + w) Ve iz=r)

These equations with B = 0 reduce to the Marguerre large-
deflection shallow spherical eap equations.

(Et/l - /~"2) (ep + ,U'e&)}?()g

Buckling Equations

Buckling equations are derived on the premise of bifurca-
tion behavior with the nonlinear equations just derived used
to determine the deformations and stresses prior to buckling
and to determine the buckling equations. For the problems
considered, the shell, prior to buckling, deforms axisym-
metrically. Small changes from this configuration, not
necessarily axisymmetric changes, are considered in order
to obtain the buckling equations. Buckling equations are
also derived, using the assumption that the deflection w is
constant prior to buckling.

Segments near Equator

Prior to buckling, for the problems considered, the de-
formations would be axisymmetric; thus Eqgs. (6), with the
variables functions of z only, would apply. Thus, for axi-
symmetric deformations,

N:I:A,zzo NzyA,xzo

(14)
D'LUA, 2oze £ (NxA/a) -+ (NyA/T) - NIAwA. zz = P
where
t

N.,a = B [quﬂ:*‘—‘- w41+#%:|

1 — u

1

Nou o [wA+ ) (W VS )]

1 — u? a 2

Na:yA = [Et/2<]~ + ,U.)]UA, z

To the prebuckling deformations obtainable from these
equations and the boundary conditions, small changes that
occur during buckling may be added (v = wua + usp, v =
va 4 vs, w = wa + ws), and the sum should also satisfy
Eqs. (6). The preceding relations may be subtracted out
after the sums are inserted in Eqs. (6), and terms of higher
degree than linear in the buckling displacement may be
neglected to give the buckling equa,tions, which follow:

NxB,x+nyB.y=0 NIIBH'!+N”B'”=(O u
w ez Nob (g e+ Nason, oo+ | (15)
a T .
NyAwB, vy + 2nyAwB, xy) =0

Dviwsg
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where

Et Wr w
N.p = = I:uB' s = —a——l- Wa, :WB, = + M(vB, v +—r€>]

Et
Nyp= — [UB, v+ L u<u3, P 2B W4, Wa, x)]
—u r a

Lt

Ner= 501 0

(uB y+vB x+wA Wa, 1/)

These equations have variable coefficients and would be quite
difficult to solve for many cases.

If, instead, the assumption analogous to that of classical
cylinder buckling theory is made, that the deflection w is con-
stant prior to buckling (w4 = const), then with the pressure
p, & known constant, it may be seen from Fqs. (14) that
N4 and N, 4 must be constant also. Fquations from which
these constants may be determined for different inplane end
conditions are

L

1 — u?
Et Tw
NM:lTl:2l:74+ .U-<UA xi—(;):l ‘} (16)
SN N |
a r J

In these expressions, ug, - is also constant, and therefore, for
the special case of 44 = 0 at both ends, u4, , would be zero.
Three different inplane end conditions are considered for the
problems solved in this paper and are discussed in a subsequent
section.

With w 4 a constant, the buckling equations can be written as

N:B,x+NzyB,y=0 NyB,y‘I‘Na:yB,z:O
DV4wB =+ (NzB/a’) + (NyB/T) - (NIAUJB, Tz + (17)
Nyaws, yy -+ 2Noyaws, zy) = 0

where

Et

Wg "Ws
ffﬁ@“*z+“@m+7ﬂ

Et
Nus =1 q[vs,y+w~3+u<u3:xi%’)]
- K r a

N:cyB

Na:B =

[Bt/2(1 + w))(us, v + vs, 2)

These buckling equations, obtained through the classical as-
sumption, have constant coefficients and agree with those
derived by Becker in Ref. 1; with ¢ — «, they agree with
the Donnell equations for buckling of a cylinder.

Segments near Crown

Prior to buckling, for the problems considered, the de-
formations would be axisymmetric; thus Fqgs. (12) with the
variables functions of p, only, would apply:

NpA,p + (1/p)(NpA - NBA) =
(2/p)Np9A + NpGA,p =0

D 1 N -
- {P[‘ (PwA,p)’p} } + —2 + p_*R Noa —
P p ») 0 a pa

1
<NpAwA,pp + ;NBAwA,p) =P
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where

Et

1
NpA = 1_—“'2[7,0‘4,[,—}— éwA,pz -

Et u 1 p— R
Nos = - u2|:f+ ﬂ(uA,p+ éwA,pz I wA,p>]

Nopa = [Et/2(1 + w)]lva, , — (wa/p)]

Proceeding as for segments near the equator, the buckling
equations are

N, o+ (1/p)(Nog — Nez + Nogs.g) = 0
(1/p)(Ngs. 6 + 2N p95) + Nppp,, = 0
p— R

N
Dviws + —;—B‘ + Nop — <NpAwB, oo+ NoppWa, pp +

1 1 1
’?NBAU)B. o0 + p Noaws, , + ;)NBBwA,p +

2
; N p0AWB, o6

2
- ;;ZNpBA'wB,8> =0

where

Et p— R
N5 =1_u2[u3,p+wAypr.p—( a >w3,p+

1
#(‘UB,9+?L‘B>:|
P p
Et {1
Nos =1 2{—1)3.0*{-@4—
— utlp p

M|:MB,p + wa, ws, , — <p ; R) Wa, p]}

Et 1
NpeB = *[* uB10+UB,p—%B+

2(1 + w) Lp
: <p e R) ]
- W4, pWB, 6 — Wg, o
P pa

For the segment of the toroidal shell near the crown, it is
expected that the classical assumption of constant deflection
w4, prior to buckling, will give reasonable stress resultants.
With this assumption, the prebuckling stress resultants can
be found from

Noap+ (1/0)(Npa — Now) = 0 (2/p)Npos + Noga, , = 0
(Nea/a) + [(p — E/pa)]Nos = p
The buckling equations then become
Nos,, + (1/p)(Nps — Nos + Npgsg) = 0
(1/p)(Nes,0 + 2N pp5) + N, , = 0

Dv4w3+%’f+"_R

1
Nos — <NpAwB, oo T ;NGA'wB, 00+

1 2 2
Noswe, p, + = Nppawn, 0 — = N paws, 0) =0
P P P

where

i p— R 1 u
R R G RS RS )
Et 1 ]
Ngz = 1 2{" 03,0_{_@—'— ,U|:U3.p_<p——>w8'pj'}
— u e P a

_ BT s P—R) J
N°03*2(1+u)|:pu3’0+7)3’” p <pa w0

X

It
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Solutions for Segments near Equators

Closed-form solutions to the buckling equations just de-
rived are now presented for simply supported segments of
toroidal shells near the equators under pressure loading with
various inplane support conditions. The shells considered
extend completely around the equator, and the equator lies
at their midlength (Fig. 1). Shells of both positive and
negative Gaussian curvature are considered. The inplane
support conditions considered are listed below together with
the N.4 and N, determined (on the basis of the classical
assumption that w, is a constant) from Eqs. (16):

]VxA = 0
Nea = (pr/2)

Nya = pr zero edge load )
Nya = pr[l = (r/2a)]
hydrostatic pressure loaded

I (7 R V2 N
Net = Wy = Gufra) + (/%) 1
N = Pl = wa)

~ /) = Qu/re) + (/)
zero edge displacement

With no applied shear stress, N.,4 = 0.

The buckling equations [Egs. (17)] obtained through the
classical assumption may be written in terms of us, vz, ws as
(dropping the subscript B)

1— 14+ u
2 2

v, 2y +

1
(ﬁi_)mx
7 a

U, 2o -+ u, yy +

il
=]

1 1 -
;“u,xy+v,yy+—2 ”v,“—k
19
<l:i:£l'>w,y=0 =
roa)
1 1
Dy + 2 2[<’f‘i*>u,x+<—iﬁ>v,y+
1 —pu r a r a

Loz 1))
a®  ar r?
(NxAW, 2z NyAw, yy + 2nyAw, zy) =0

With the origin now taken along the lower edge, the simple
support boundary conditions on the buckling displacements
atz = 0, are

W=, . =0=N, =0 (20)
Solutions that satisfy the boundary conditions, Eq. (20),
and the differential equations [Egs. (19)] for any one of the
three inplane edge conditions are
u = A cos(mwz/l) sin(ny/r)
v B sin(mmzx/l) cos(ny/r) (21)
w = C sin(mwrz/l) sin{ny/r)
For the problems considered here, m = 1 applies, since it
gives the lowest buckling load. The buckling loads found
from this solution as a function of the number of circumfer-
ential waves n are given by the following relations:

1+ B9+ (1222741 = of?)?
B g1 + B2

il

k

for zero edge loading
_ A+ a4 (12271 &+ of?)?
0+ 280 F afH( + 6y (22)
for hydrostatic pressure loading
(14 B9t + (122%/79(1 = «f?
TpEat+ (£ pa)Bi/at £ 2ua+ 1/(1 4+ B2)2

for zero edge displacement,
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where k = —(pri2/Dx?), B = (nl/ar), « = r/a, and Z =
@/ry(1 — wpHY2 The buckling pressures are obtained
from Egs. (22) when % is minimized with respect to allowable
changes in 8 for given Z and a.

The buckling pressure coefficients have been calculated
for Poisson’s ratio u = %, and the results of the calculations
are plotted in Figs. 3-6. TFor the shell of positive Gaussian
curvature under external pressure, the results for higher
values of Z lie along a straight line as shown on the logarithmic
plot. Simple results for the critical pressure obtained
analytically (assuming B large) for any value of Poisson’s
ratio are presented below for these straight line regions:

PR Sl

P B = W e
_ 2 Be
P - aBU =@ ar

_ 1 4+ 2ua + o2 Elz
PO+ B @ ar

for zero edge loading

for hydrostatic pres-
sure loading

for zero edge dis-
placement

Estimate of External Buckling Pressure
for Complete Torus

Prebuckling values for the stress resultants for the pressure
loading of a complete circular torus analogous to those ob-
tained for the shallow shell [see Eqgs. (18)] are

Naoa = pa(l — (a/2r)] Nya = pa/2 (23)

and proceeding with these values as for the shallow shell leads
to

_ (4 B9+ (122259 + af??

1 1

k 1
(1+B2)2<;¢_f¢42+2—a62>

(24)

where [ in 8, k, and Z must be interpreted as the buckle axial
length. By taking @ large, the buckling pressure can be
estimated to be

—p = {2/BQ — w) "2 }(Et/a?) (25)

This expression is probably valid only when r/a is not much
greater than 2. This result indicates that the torus buckles
when the circumferential stress reaches 0.6(Et/a). The
classical results show that a cylinder of radius a in axial com-
pression buckles when the axial stress reaches 0.6(Et/a),
and the circumferential stress is zero. The sphere of radius
o under hydrostatic pressure buckles when the stress (in
any direction) reaches 0.6(Et/e¢). However, the torus
under hydrostatic pressure buckles when the circumferential

1000

100

O CYLINDER

. I | L | L
t 10 . 100 1000

Fig. 3 Buckling of toroidal segments under external
lateral pressure.
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stress reaches 0.6(Ei/a), even though the meridional stress
exceeds this value.

Discussion of Results

Nonlinear equations for segments of toroidal shells near
the equator and near the crown have been derived from
flat-plate equations by including appropriate prescribed initial
deflections. Buckling equations have been derived for both
kinds of segments. Utilizing the classical assumption of
constant deflections prior to buckling, buckling equations
with constant coefficients have been obtained for segments
near the equator. These equations have been solved in
closed form for pressure loading of simply supported seg-
ments with both positive and negative Gaussian curvature,
having three different inplane edge conditions: 1) zero
edge load, 2) hydrostatic pressure loaded, and 3) zero edge
displacement.

Results obtained for the case of external pressure buckling
with zero edge load (lateral pressure) are presented in Fig. 3.
For a given value of the curvature parameter Z associated
with the girth of the shell, the external pressure required for
buckling increases significantly over the buckling pressure
for the cylinder (r/a = 0) as the curvature in the meridional
direction is increased to form a shell of positive Gaussian
curvature. The corresponding external pressure decreases
significantly as the curvature in the meridional direction is
increased to form a shell of negative Gaussian curvature.
For higher values of Z, the curve for the c¢ylinder (r/a = 0)
has a slope of 3. For the spherical segment (r/a = 1), the
curve has a slope of unity. And for the corresponding shell
(r/a = 1) of negative Gaussian curvature, the curve has a
slope of zero; thus the curvature contributes little to the
strength. Both the shell of positive and the shell of negative
curvature do not buckle under internal pressure for this in-
plane edge condition.

Results obtained for the case of external hydrostatic pres-
sure buckling are presented in Fig. 4. These results follow
trends similar to the lateral pressure results, and again both
the shell of positive and negative Gaussian curvature do not
buckle under internal pressure. Again significant increases
in external pressure required for buckling are available for
shells of positive Gaussian curvature over cylinders of the
same curvature parameter Z, and significant decreases in
buckling pressure occur for shells of negative Gaussian curva-
ture over cylinders of the same Z.

Results obtained for the cases of external and internal pres-
sure buckling, respectively, of shells with zero edge displace-
ment are presented in Figs. 5 and 6. In the case of external
pressure, as shown in Fig. 5, significant increases in the pres-
sure required for buckling are available for shells of both

ol|~
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Fig. 4 Buckling of toroidal segments under external
hydrostatic pressure.
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Fig. 5 Buckling of toroidal segments with zero edge dis-
placement under external lateral pressure.

positive and negative Gaussian curvature over that for a
cylinder at the same value of the curvature parameter Z.
Because of the v = 0 condition, tensile stresses develop at
the edges that tend to stabilize the shell of negative curva-
ture as the ratio of radii r/a increases. The shell with nega-
tive Gaussian curvature also buckles under internal pressure
with this zero edge displacement condition (Fig. 6) provided
that the ratio r/a is greater than Poisson’s ratio u. As
r/a increases for given Z, compressive stresses at the edges
increase and cause a decrease in the buckling pressure.

Concluding Remarks

The present analysis starts with accepted (von Kdrmén)
nonlinear flat-plate strains, including initial deflections, and
in a consistent and straightforward manner derives nonlinear
shallow shell equations from which buckling equations are
determined. Nonlinear equations and buckling equations
for other shallow shells such as conical frustums away from
the apex and segments of toroidal shells away from the equa-
tor or crown may be derived in a similar manner.

Buckling pressures have been obtained in chart form for
simply supported toroidal segments near the equators having
both positive and negative Gaussian curvature. Three
inplane edge conditions are considered. Limiting values of
the buckling pressure for shells of large Z having positive
Gaussian curvature are given in equation form. An esti-
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Fig. 6 Buckling of toroidal segments with zero edge dis-
placement under internal lateral pressure.

mate based on this shallow shell theory of the buckling
pressure of a complete torus is also given in equation form.

The present theory is limited by the shallow shell approxi-
mation that, however, may not be too serious for deeper shell
buckling analysis. This conjecture that shallow shell theory
may be used to analyze some deep shells is based on the
consideration that shells buckle first where the curvature is
most shallow. This consideration was used in estimating
the buckling pressure for the complete.torus.

Another limitation of the present results exists because of
the disagreement between some shell buckling solutions for
perfect shells and experiment. For the cylinder under ex-
ternal pressure, there is good agreement between theory and
experiment. However, for the spherical segment it is ex-
pected that agreement between theory and experiment will
not be nearly as good as for the eylinder, judging from buck-
ling results for the spherical cap. Similar limitations prob-
ably arise for the buckling of other toroidal segments and
for the complete torus. Thus, for design purposes, the present
results may only serve as a guide by specifying the buckling
pressure for a perfect.shell.

References

1 Becker, H., “Donnell’s equation for thin shells,” J. Aeronaut.
Sci. 24, 79-80 (1957).

2 Mushtari, Kh. M. and Galimov, K. Z., “Nonlinear theory
of thin elastic shells,” NASA TT F-62, pp. 152-156 (1961).



	1: 


